Abstract. According to work of Kawauchi in 1979 and , the Conway Polynomial of all negative amphicheiral knots and strongly positive amphicheiral knots factors as φ(z)φ(−z) for some φ(z) ∈ Z[z]. Moreover, a 2012 example due to Ermotti, Hongler and Weber shows that this is not true for general amphicheiral knots. On the other hand, in 2006 the first author made a conjecture equivalent to saying that the Conway polynomial of all amphicheiral knots splits as φ(z)φ(−z) in the ring Z 4 [z]. In this paper, we establish this conjecture for all periodically amphicheiral knots built from braids, where the period preserves the braid structure. We also give counterexamples to conjectures on the leading coefficient of the Conway polynomial of an amphicheiral knot due to Stoimenow.
Introduction
A knot is called amphicheiral if it coincides with its mirror image. More formally, we say there is an orientation reversing map from S 3 → S 3 which fixes the knot setwise. In the category of oriented knots, we can distinguish this amphicheirality as positive or negative depending on whether the map preserves or reverses the orientation of the knot. If the map used in this process is an involution, we call the resulting amphicheirality "strong". It is worthwhile to note that a knot can be positive and negative amphicheiral at the same time [4] . The figure eight is an example of such a knot.
The Jones Polynomial is a powerful tool for detecting chirality, since the Jones Polynomial of a mirror image is often different from that of the original knot. The Conway Polynomial is, on the other hand, invariant under the process of taking a mirror image, so it not obvious that it could be used for detecting chirality. However, one can indeed use the Conway (or Alexander) polynomial to detect chirality among knots. In this article, we discuss two conjectures, one proposed by the first author and one by A. Stoimenow.
The first conjecture (Conjecture 2.1) has its foundation in the theory of Vassiliev invariants. However, after reformulation of the conjecture (Conjecture 2.3) it can be seen that it closely resembles a theorem of A. Kawauchi and R. Hartley [10] . Their theorem states that for negative and strong positive amphicheiral knots, the Conway polynomial splits. That is, the Conway polynomial of these two types of amphicheiral knots can be written as f (z)f (−z) for some integer polynomial f . However this is not true for the remaining types of amphicheiral knots, positive amphicheiral knots which are not strong, and counterexamples have been found [6] . The first author's conjecture claims that instead of considering splittings over Z, if we consider splittings over Z 4 instead, then in fact we can write the Conway polynomial of any amphicheiral knot as f (z)f (−z) for some f ∈ Z 4 [z], including the nonstrong positive amphicheiral case [5] . In general, to prove the conjecture for all amphicheiral knots, one needs only to prove it for hyperbolic knots (Theorem 2.6). Now, the symmetry groups for hyperbolic knots are classified: they are either dihedral or cyclic [13, 16, 19] . If the knot is amphicheiral, they have to contain an orientation-reversing element. If there is an orientation-reversing element of order 2, that means the map is involution, so we know the knot is strongly amphicheiral and the Conway polynomial of the knot splits as f (z)f (−z) by Hartley-Kawauchi. Dihedral groups are generated by involutions, so any amphicheiral knot with dihedral symmetry group must have an orientation-reversing involution. So we are left with cyclic groups Z 2n with orientation reversing generator h. If n is odd, then h n is an orientation-reversing involution, so we are done in that case. Hence we may assume n is even. All hyperbolic knots with these cyclic symmetry groups can be constructed by taking a tangle T, considering the concatenation (T · T * )) n and closing it up via the standard closure. Here T * is the mirror image tangle with all crossings reversed. In sections 2 and 3, we consider the case where the tangle is actually a braid, proving Conjecture 2.3 is true for all amphicheiral knots coming from braids of the form (ww * ) n . In this case, we are able to use the Burau representation and its connection to the knot's Alexander polynomial. In the case of a general tangle T , this particular method is unavailable, so a new technique is needed. It is worthwhile to note that there are amphicheiral knots which are not periodic [9] .
The second conjecture (Conjecture 4.2) is based on the leading coefficient of the Conway polynomial. The leading coefficient of the Conway polynomial can sometimes be used to detect chirality among knots. In 1997, K. Murasugi and J. Prztycki proved [18] that if the leading coefficient of the Conway polynomial of an alternating knot is prime, then it is not amphicheiral. Another implication of A. Kawauchi and R. Hartley's theorem discussed above is that except for the non strong positive amphicheiral case, the leading coefficient of the Conway polynomial of an amphicheiral knot is square. These results lead to the conjecture that the leading coefficient of amphicheiral knots is square or at least not prime. A. Stoimenow further strengthens this conjecture to hypothesize that the leading coefficient of the Conway polynomial is square for certain other amphicheiral knot classes such as the classes of alternating amphicheiral knots. In section 4, we give several counterexamples to this conjecture by constructing nonstrong positive amphicheiral knots as braid closures.
Amphicheiral knots and the Conway polynomial
Considerations in Vassiliev theory led the first author [5] to conjecture Conjecture 2.1. If K is an amphicheiral knot, then its Conway polynomial C(z) satisfies the property that
Our first task is to give a simpler reformulation of this conjecture.
Theorem 2.2. Let C(z) denote the Conway polynomial of a knot K. Then the following are equivalent.
(
, and that
But square roots are unique in Z 2 [z], so f (z) ≡ C(z 2 ) mod 2, and we have that
. Squaring both sides, we see that
, so the equation
, as desired. We can easily see that (2) implies (1). To prove (2) implies (3), substitute z for z 2 in (3), then C(z) ≡ f (z)f (−z) mod 4 for some integer polynomial f .
To prove (3) implies (2) we use following argument. Suppose
Here we have used the fact (A + B) 2 ≡ (A − B) 2 mod 4. On the other hand
4 mod 4 for any integer polynomial F (z). This can easily be proven by induction. The base case of a monomial is trivial. Otherwise, write F (z) = A(z) + B(z) for two polynomials of shorter length. Then
Thus Conjecture 2.1 can be reformulated as
Surprisingly, Conjecture 2.3 is very close to a theorem proved by A. Kawauchi and R.I. Hartley :
This proves that Conjecture 2.3 is true for all (−) and strongly (+) amphicheiral knots. From Hartley and Kawauchi's theorem, it is natural to formulate the following strengthening of Conjecture 2.3.
However, this conjecture is false. A counterexample was found in 2012 by N. Ermotti, C. V. Q. Hongler, C. Weber [6] . Figure 1 reproduced from [6] shows this counterexample knot. This knot is an alternating positive amphicheiral knot with Figure 1 . The Ermotti-Hongler-Weber knot
Thus it is indeed a counterexample to Conjecture 2.5. However note that C(z) We have now produced many counterexamples to Conjecture 2.5. A nonalternating counterexample is given in Figure 2 .
be the 5-strand braid in Figure 2 , then the Conway polynomial of the closure of ww * ww * is:
where w * is the braid w with all crossings reversed. Thus it is a counterexample to the Conjecture 2.5 because braids of this form are amphicheiral (see section 3). The knot is nonalternating due to the fact that the absolute value of the leading coefficient of the Conway polynomial of an alternating amphicheiral knot is square [20] . Still, this is not a counterexample to Conjecture 2.3 because,
Hartley [8] shows that C K (z) = φ(z)φ(−z) for all negative amphicheiral knots. His proof takes as input his joint result with Kawauchi [10] , that strongly negative amphicheiral knots have this property. Hartley then proves the general case by breaking up the knot complement into pieces which are hyperbolic or Seifert fibred via the JSJ decomposition. One can mimic this argument to show that Conjecture 2.3 follows if it can be proven for hyperbolic positive amphicheiral knots.
Proof. First we note that the condition that
] where s(t) = s(−t −1 ). So we may as well work with Alexander polynomials. The proof of Theorem 3.1 of [8] shows that the Alexander polynomial of an amphicheiral knot K can be written as a finite product
where each g i (t) is the Alexander polynomial of a knot K i . If γ i is odd, then the knot K i is hyperbolic and amphicheiral and α i is either 0 or odd. By hypothesis, the Alexander polynomials in this odd case split over Z 4 , and the proof in [8] goes through.
In fact, every hyperbolic positive amphicheiral knot is periodically amphicheiral by Mostow rigidity. This just means that the orientation reversing homeomorphism h : S 3 → S 3 which realizes the knot's amphicheirality is a finite order homeomorphism.
So the question is whether C(z) ≡ f (z)f (−z) mod 4 for periodically positive amphicheiral knots. If yes, then we have solved Conjecture 2.3 affirmatively.
The Alexander polynomial and the Burau representation
Since we are focusing on periodically positive amphicheiral knots, we need a method to build these knots systematically. Let w be a (2n + 1)-braid, and w * be the mirror image of the braid w (which means all crossings are reversed). Then the closure ww * is a strong positive amphicheiral knot and the closure ww * ww * is a periodically positive amphicheiral knot. Let σ i denote the standard generator of the braid group B n with n ≥ 3. Then the reduced Burau representation of B n , for n ≥ 3 is given by
Here I k denotes the k × k identity matrix. For n = 2 it maps σ 1 → (−t).
The following is well known.
Theorem 3.2. If a knot K is a closure of a braid Ψ in B n then the Alexander polynomial of the knot K is given by Proof. Reversing the strand orientation necessitates reading the braid in reverse order.
Lemma 3.4. For any braid w, Re((ww * ) k ) and (ww * ) −k are conjugate.
Proof. Let w = g 1 . . . g n , where g i are braid generators and their inverses. Then
So the braids Re(ww * ) and (ww * ) −1 represent the same cyclic words and are therefore conjugate. To complete the proof, note that Re((ww
Lemma 3.5. Let A be an n × n matrix with det(A) = 1. Suppose A and A
−1
have the same characteristic polynomial, χ A . Then the coefficient of λ k equals the coefficient of λ n−k . That means
Proof. When A is nonsingular, it is easy to see that χ A (λ) = χ A −1 (λ −1 ) from which the result follows. Now we give the definition of Lucas polynomials, which we will use in the proof of Theorem 3.9. They are useful for converting between Alexander and Conway polynomials. (Recall that the Conway polynomial C(z) and Alexander polynomial A(t) are related by the change of variables z
Definition 3.6. The Lucas polynomials are defined recursively
Proof. The base cases of k = 0, 1 are obvious. So it suffices to show that t k/2 +t
satisfies the defining relation of the Lucas polynomials:
which is not difficult. (
Proof. We use the following identity [24] , L n L m = L n+m + (−1) m L n−m . We use induction on n. The base case is easy, so we consider the induction step. Assume first that n is even. Then
So continuing the calculation, we have
completing the inductive step when n is even. The inductive step when n is odd is similar and left to the reader. 
Proof. We proceed by induction. We will use the fact that an n-braid closes to a knot iff any power of it closes to a knot. (The associated permutation must be an n-cycle.) Thus the induction will go smoothly. For m = 1, the resulting knot is strongly positive amphicheiral, so the result holds. Indeed
. Consider the characteristic polynomial of (ww * ) 2 m : det(λI −β((ww * ) m )) where w is a 2n + 1-braid. First we claim that the characteristic polynomials of (ww * ) k and (ww * ) −k are the same. This follows because the characteristic polynomial is the 2-variable Alexander polynomial of the link which is the braid closure union the braid axis [17] . In particular, Lemma 3.4 implies that Re(ww * ) and (ww * ) −1 are conjugate, from which it follows that the link closures including the braid axes are the same up to a global orientation reversal (3.3). But the two variable Alexander polynomial is invariant under global orientation reversal.
Hence, the characteristic polynomial χ β(ww
n a n (t)). Thus
In this proof we have used fact that a i (t), when converted using the substitution √ t − 1 √ t = z yields integer polynomials. Now observe (1 + t + · · ·t 2n ) differs only by a power of t from ((t n + this is equivalent to (−1)
The induction hypothesis is that the Alexander polynomial of the knot closure of (ww * )
. From above we have, det(I − β(ww * )
Now consider the closure of braid (ww * ) 2 m . We can see that
where
Here we use the easily proven fact that L 2n+1 (z) contains only odd powers of z. This concludes the proof of the inductive step.
Corollary 3.10. If K is a positive amphicheiral knot coming from the closure of the braid (ww * ) k , where w is a braid with an odd number of strands, then the Conway polynomial of K satisfies Conjecture 2.3. i.e
Proof. Suppose k = 2q + 1 is odd. Then (ww * ) k =ww * wherew = (ww * ) q w. In general we have k = 2 m (2q + 1), and
which is of the form where Theorem 3.9 applies.
We close this section with an example where we calculate the Conway Polynomials explicitly for an infinite class of 3 strand braids of the form ww * ww * . In view of Theorem 2.4, these all have Conway polynomials which split over Z 4 [z] , but in general they will not split over Z [z] . These examples are closely related to Fibonacci polynomials, which we now introduce.
Definition 3.11.
[11] The two variable generalized Fibonacci polynomial is defined recursively as follows: U n (x, y) = xU n−1 (x, y) + yU n−2 (x, y), U 1 (x, y) = 1, U 0 (x, y) = 0 The one variable Fibonacci polynomial is defined by,
, where F n denotes the n th Fibonacci polynomial and z
Proof. We need to prove t −(n−1)/2 Ω n (t) = F n (t), when n is odd. First we claim that U n (t − 1, t) = (−1)
i . This can be proved using induction. In particular when n is odd, U n (t − 1, t) = Ω n (t). Next we use following identity [11] . U n (x, y) = y (n−1)/2 F n (
Letting n be odd, we get our result.
Proposition 3.13. Let K be the closure of the 3-braid ww * ww * , where
with n, m are odd integers. Then
where F n (z) is n-th Fibonacci polynomial.
Proof. Consider the Alexander polynomial, ∆ K (t), of the closure of ww * ww * . Then using the Burau representation,
Let matrices A, B denote the Burau representation of σ 1 and σ 2 respectively. That means,
Now observe that,
Now using the identity,
Now using the Corollary 3.12, we have
and
. Substituting these identities in above equation, we get
Now observing t + 1 t + 1 = z 2 + 3 and the Alexander polynomial is defined up to multiplication by t ±1 , we conclude that the Conway polynomial of the closure of braid ww * ww * is given by
Note that
m (z − 1)(z + 1) mod 4 consistent with Theorem 3.9. In fact, in the next proposition we give two special cases of the preceding proposition where C K (z) splits over the integers: when n = m and when one of n, m is equal to 1. However, in general C K (z) does not split. Indeed
) is irreducible in all other cases where n, m are odd integers less than 100, and it may be that it never splits except in the two cases of Proposition 3.14.
Proposition 3.14. Let m be odd.
( 
The leading coefficient of the Conway polynomial and amphicheiral knots
In this section we explore two conjectures proposed by A. Stoimenow regarding the leading coefficient of the Conway polynomial of an amphicheiral knot. The conjectures are based on the following theorem. (1) K is an alternating knot, (2) K is strongly amphicheiral or negative amphicheiral, (3) K is any knot with at most 16 crossings or (4) K is a fibered homogeneous knot.
This theorem provides strong background for following conjectures. It is easy to see that any counterexample to Conjecture 4.2 is again a counterexample to the Kawauchi conjecture 2.5. More formally we can say, 
Now we give several counterexamples to conjectures we mentioned at the beginning. Figure  4 . It was obtained using Knotscape [12] . [18] states that if K is an alternating knot and the leading coefficient of the Alexander polynomial is prime, then K is non-amphicheiral. With this theorem, one may think that the leading coefficient of the Alexander polynomial of an amphicheiral knot which does not satisfy above conjectures must be composite. However the leading coefficient of the Alexander polynomial of the following amphicheiral knot is prime and serves as a counterexample to three Conjectures 2.5, 4.2 and 4.3. After seeing these counterexamples, one may wish to see a prime non-alternating knot which does not satisfy all of the above three conjectures. Upon our request, M. Thistlethwaite [22] kindly provided us the list of 19-crossings prime positive amphicheiral knots. In that list, the following knot does not satisfy any of the above three conjectures and it is a non-alternating positive(not strong) amphicheiral knot. Then K is a prime non-alternating and positive non strong amphichiral knot with the Conway polynomial, 1 + 3z 2 + 8z 4 . The knot is depicted in the Figure 5 . It was obtained using Knotscape [12] .Observe that 1 + 3z 2 + 8z 4 ≡ (1 − z)(1 + z) mod 4. Thus it is not a counterexample to Conjecture 2.3 Figure 5 . Non alternating prime amphicheiral knot with the leading coefficient 8
We finish this section with following realization problem. Question 4.8. Let n be an arbitrary integer. Is it possible to have an amphicheiral knot K with n as a leading coefficient of its Conway polynomial? Conjecture 2.3 puts restrictions on the n that can appear. Namely, if deg(C K (z)) = 2n, then the leading coefficient must be of the form (−1) n (4k + 1) or divisible by 4. In particular no number of the form 4k + 2 can appear as the leading coefficient of an amphicheiral knot if Conjecture 2.3 is true.
If n is a square, then we have a positive answer to the preceding question due to E. Flapan. Namely she has shown if C(z) = F (z) 2 and F (0) = 1 for some integer polynomial F (z), then there exists a strong positive amphicheiral knot which has C(z) as its Conway polynomial [7] . The question will be more interesting when the absolute value of n is prime. Question 4.9. For a given prime p, is there an amphicheiral knot such that the absolute value of the leading coefficient of the Conway polynomial is p?
If the answer to the above question is yes, we can certainly choose the amphicheiral knot to be prime and even hyperbolic by the factorization formula for the Alexander Polynomial in terms of the knot complement's JSJ components cf. the proof of Theorem 2.6. That means we have prime amphicheiral knots with prime numbers as leading coefficient of their Conway polynomials. It is clear from Theorem 4.1, if it exists then they are non alternating positive non strong amphicheiral knots.
We found several amphicheiral knots which have odd prime numbers as leading coefficients. The table 1 and the Figure 6 summarize our finding. Figures were obtained using Knotscape [12] and the Conway polynomial calculated using the Mathematica package KnotTheory [2, 25] . Leading coefficient = -3 Leading coefficient = 5
Leading coefficient = -7 Leading coefficient = -11
Leading coefficient = 13 Leading coefficient = 17 Figure 6 . Amphicheiral knots where the leading coefficient of the Conway polynomial is prime
